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I. QUANTUM ON QUANTUM SIMULATION

Computer Science is the study of algorithms [1], yet
computer engineering might be another completely dif-
ferent story. When we submit a computation job, say cal-
culating the addition of one apple plus two apples or 1+2,
to our computer, there is no such thing like apple existing
inside a computer. Instead we actually use some mathe-
matically meaningful but physically unrelated quantities
like electrical pulses with different peak values to repre-
sent the values we want to calculate. Neither is there
a plus sign, which physically is an adder composed of
AND, OR and NO gates.

It was Feynman [2] who first realized that we could
actually take the cue from classical world to use a con-
trollable quantum device, probably called quantum com-
puter or quantum simulator, to simulate the time evolu-
tion or physical process of another quantum system. Un-
fortunately the ubiquity of decoherence processes makes
quantum computers more sensitive to noise and errors
than classical computers. Traditionally there are two
proposed methods to accomplish quantum computation
fault tolerantly. One is using quantum error correction
codes and using quantum gates to repeatedly correct er-
rors due to noise and errors introduced by these quan-
tum gates itself. The other one is using physical systems
which is intrinsically immune to errors or whose quan-
tum processes are automatically fault tolerant, such as
the 4-dimension toric code Hamiltonian.

At the turn of last century, Llyod et al. [3] pro-
posed an intermediate method of fault tolerant quantum
computation, that is to use quantum gates to simulate
fault-tolerant quantum systems which are immune to lo-
cal errors. They introduced a computable mapping M
from the system Hilbert space into the simulator Hilbert
space such that M†M = 1. Hence if the system Hamilto-
nian is H =

∑
i∈N Hi where N is the set of local neigh-

bors, then the overall simulator Hamiltonian would be
Hs = MHM† =

∑
i∈N Hs

i , in which Hs
i = MHiM

†.
Correspondingly the state ρ of system would be mapped
into the state ρs = MρM† of the simulator... The good
is that the simulation is shown to preserve the fault tol-
erance of the simulated system, because errors are auto-
matically eliminated by natural error-correcting feature
of the system simulated. The bad is that they didn’t con-
sider the errors introduced by the quantum gates them-
selves.

Here we think about quantum simulator(or quantum
computer) from a new perspective inspired its classical

sibling. Similar to the classical world, we have a quan-
tum system A called original system, whose process we
want to simulate. We also have another quantum system
B, called simulated system, which will be used to simu-
late the process of system A. We have to use different
physical quantities or parameters to label states for dif-
ferent systems, say A and B. For example, the state of
system A might be a space part tensor product with its
spin part but the state of system B might additionally
need its orbital momentum as another physical quantity
to describe its state. They are not simply related by
unitary mapping as Lloyd et al. suggested. So how are
we going to represent the mapping between the original
and simulated quantum systems? What are the criteria
such that system B could be used to simulate the original
system A?

Without lose of generality, let’s consider our problem
in the Schordinger picture, where operators are invariant
along with time and is basis independent. Analogue to
the classical case, if there is a bijective relation between
states of system A and states of B, we say they are com-
putationally equivalent, as shown in Figure 1. Since every
state in A could be represented in some basis {ρAi }, we
want a mapping f such that f : ρAi → ρBi where {ρBi }
are basis of system B. In other words, mapping f is
a bijective function from the Hamiltonian space of the
original system to the Hamiltonian space of the simu-
lated system. Hence if the original system has a state
ρA =

∑
i ciρ

A
i , then there is one and only one corre-

sponding state
∑

i cif(ρA) =
∑

i ciρ
B
i = ρB in the sim-

ulated system. According to our assumption commu-
tation or anti-commutation relations are conserved un-
der mapping since operators are invariant. Then we
claim that a stabilizer code in the original system is
still a stabilizer code in the simulated system. To see
this, we start from some stabilizer code, generated by
{si}, in the original Hamiltonian. Hence for some state
|ψ〉, in system A we have si|ψ〉 = |ψ〉 for all i. We
could expand the state to be |ψ〉 =

∑
j cj |αj〉. Then

for all i, si|ψ〉 =
∑

j cjsi|αj〉 =
∑

j cj |αj〉. So we have

si|αj〉 = |αj〉 as expected. Hence the original stabilizer
code is also a valid stabilizer code in the mapped system
B. Therefore if the original system is fault tolerant, the
simulated system is automatically fault tolerant, guaran-
teed by our construction.



2

ϕ

φ

ϕ
1

2

ϕ
3

ϕ
4

φ
1

φ
2

3

φ
4

FIG. 1. Bijective relation between states of original system A
and simulated system B

II. TO DO

• What is the general form for the states like master
equation? Or how to express the master equation
in terms of mapped quantities?

• Is our requirement still too restrictive? What if

we just need the aforementioned mapping works at
some measurement point?

• How do we find the mapping? Is there a gen-
eral purpose quantum computer that could simu-
late any quantum processes?

• Mapping seems to have some weird property that
is f(

∑
iAi) =

∑
i f(Ai).

Appendix A

If it is true that H ′ = M†HM , then M is diagonal.
f(H) = H ′ bijective.

Dave used Clifford gate U such that H ′ = UHU†.
The commutation relation is preserved under

mapping. If operators A and B commute, then it is
easy to prove that A′ = MAM† and B′ = MBM† also
commute. If they anti-commute, their mapped operators
also anti-commute.
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